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Abstract
The K = 0 Friedmann–Robertson–Walker metric, which satisfies the Killing spinor equation and approximates a solution to the field equations
of the quadratic gravity theory derived from the heterotic string effective action, generates a discontinuity in the derivative of the scale factor. The
resulting change in the Hamiltonian is conjectured to be the origin of energy in the very early Universe.
© 2007 Elsevier B.V.
PACS: 04.60.Kz; 98.80.Qc
1. Introduction
The Universe in classical cosmology is described by the Friedmann–Robertson–Walker space–time, which provides an expla-
nation of the redshifts of galaxies without the introduction of a cosmological term. Since the class of metrics, initially considered,
are characterized by a curvature singularity, at early times, because of the dimensions of the spacelike sections, the space–time is
determined by the matter and radiation fields of an elementary particle theory. It has been found that horizon, flatness, monopole
and homogeneity problems can be solved with the introduction of a scalar potential which causes the Universe to expand expo-
nentially [1,2]. De Sitter space, which represents the cosmology during the inflationary epoch, does not extend through the Planck
era, because the coupling of the fields in the grand unified theory to the gravitational field in the Einstein–Hilbert action is not
renormalizable [3].
The first method for resolving the problem of the initial singularity is the determination of the quantum cosmological wave-
function satisfying the Wheeler–DeWitt equation derived from the canonical quantization of gravity. Since the wavefunction is
nonperturbative, it is valid even though infinities occur in the covariant expansion of the path integral for general relativity. Further-
more, the space–time in the vicinity of t = 0 then represents an initial condition for the wavefunction [4]. Restricting the space of
metrics to those defined on smooth compact geometries near t = 0, it is then only required that the most probable configurations
predicted by the wavefunction are consistent with cosmology during the inflationary epoch and afterwards.
Perturbative finiteness of a theory is sufficient to establish an equivalence mapping between covariant and canonical quantization.
It follows that a wavefunction, which is a solution to the Wheeler–DeWitt equation, would be valid upon extrapolation to the Planck
scale.
The action for the quantum gravity theory derived from the bosonic sector of the one-loop four-dimensional heterotic string
effective Lagrangian
(1.1)I =
∫
d4x
√−g
[
1
κ2
R + 1
2
(DΦ)2 + e
−Φ
4g24
(
RμνκλRμνκλ − 4RμνRμν +R2
)− 2VB(Φ)
]
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coupled to a scalar field, with e−Φ
g24
being a perturbative parameter. To first order in e−Φ
g24
, the Wheeler–DeWitt equation in the
minisuperspace of Friedmann–Robertson–Walker metrics is
HΨ =
(
H0 + e
−Φ
g24
H1
)
Ψ = 0,
H0 = 124
∂
∂a
1
a
∂
∂a
− 1
2a3
∂2
∂Φ2
− 6aK + 2a3VB(Φ),
H1 = 1
a4
(
K
4
− 1
576a4
)
∂
∂a
+ 1
576a7
∂2
∂a2
− 1
1728a6
∂3
∂a3
(1.2)+ 1
a5
(
7K
4
− 35
576a4
)
∂
∂Φ
+ 1
24a8
∂2
∂a∂Φ
− 1
64a7
∂3
∂a2∂Φ
+ 1
864a6
∂4
∂a3∂Φ
.
Since the wavefunction has the form Ψ = Ψ0 + e−Φ
g24
Ψ1 + · · ·, it contains quadratic curvature corrections [7] to the standard wave-
function that was found to be consistent with the inflationary model.
The renormalizability properties would be maintained while matter fields are included in a supersymmetric generalization of the
quadratic gravity theory. Upon restriction to the Friedmann–Robertson–Walker metrics
(1.3)ds2 = dt2 − a2(t)
[
dr2
1 −Kr2 + r
2(dθ2 + sin2 θ dφ2)]
the Killing spinor condition (∇μ + i k(t)2 γμ)η = 0 can be solved [7] if
a(t) = a0 cosh
(
t
a0
)
, K = 1,
a(t) = a0eλt , K = 0,
a(t) = a0 sinh
(
t
a0
)
, K = −1,
(1.4)a(t) = a0 sin
(
t
a0
)
, K = −1.
While the K = −1 scale factors vanish at t = 0, these geometries are nonsingular when K = 0 and K = 1. For the latter two
space–times, the expansion is exponential and represents a viable cosmology during the inflationary epoch. It can be verified also
that a(t) = a0eλt , for appropriate scalar fields Φ(t) and values of λ, is an approximate solution to the equations of motion of the
quadratic gravity action.
The problem of the existence of a physically viable supersymmetric theory in a cosmological background results from closed
timelike curves in anti-de Sitter space and negative-norm states in models in de Sitter space. Although the closed timelike lines
can be eliminated by passing to the covering space, the time-dependence of the volume of the spatial sections is not consistent
with the exponential expansion of the inflationary epoch. Consistency of supersymmetry with a cosmological background has been
found for K = 0 Friedmann–Robertson–Walker space–time, since it has been proven that the trace of the anticommutator of the
supercharges yields a positive energy and therefore quantum states with positive norm [8].
The probability distribution for the metric and matter fields can be determined also at the quantum level by evaluating the
Hamiltonian and determining the wavefunction from the Wheeler–DeWitt equation. Again, the wavefunction is given by an Airy
function for slow-roll potentials, with the potential shifted by a constant and a term proportional to e−Φ
g24
, and it favours a non-zero
value of VB(Φ) causing an exponential expansion [7].
It will be shown that the Hamiltonian not only defines the theory of the quadratic gravity action but also provides a theo-
retical basis for the creation of the energy in the Universe during the inflationary epoch and it is found to be compatible with
current experimental evidence. The energy influx results from a discontinuity in the Hamiltonian at t = 0 in the K = 0 Friedmann–
Robertson–Walker space–time. In the derivation of the change of the energy, the constant factor a0 is determined by an equality
between the product of the density fluctuation [9] and the four-volume evaluated at 10−32 s, and the standard deviation of the
distribution in Φ defined by the second-order variation of the action of the quadratic gravity theory [5]. The average volume from
10−34 to 10−32 s is also used to evaluate δE, even though the initial discontinuity occurs at t ′ = 10−34 s, which indicates that the
velocity of the expansion of the Universe in this interval renders the time of the measurement of the energy arbitrary, and possibly,
the total energy influx has included the instantaneous transferral of surface energy in collisions with other space–time domains.
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The quantum cosmology of gravitational theories has been investigated with two types of initial conditions. The no-boundary
condition provides a theoretical basis for a nontrivial cosmology originating from a hypersurface of no extent, the absence of an
initial singularity [4] and consistency with supergravity theories [10]. The tunneling condition can be used to explain the creation
of a de Sitter phase from vacuum and inflation [11].
For gravity coupled to a scalar field [6], with a slowly varying scalar potential,
(2.1)Ψ0NB(K = 0) =NK(V )Ai
(
K
(
36
V
)2/3(
1 − a
2V
6K
))
where K is the curvature of the spatial section. For K = 0,
(2.2)Ψ0NB(K = 0) =N0(V )Ai(−z)
for z = 61/3a2V 1/3.
Since the Airy function has a maximum at a negative argument −A = −1.0187929716, this can be reached if a2V6K = 1 +
( 36
V
)−2/3A. For the scalar potential to cause the expansion during the inflationary epoch, a prefactor NK(V ) with the required
asymptotic properties is necessary. When K = 1,−1, the form of the Airy function as |z| → ∞ [12] is
Ai(−z) →−z→∞
1
2
√
π
(−z)−1/4e 23 (−z)3/2
∞∑
k=0
(−1)kck
(
2
3
(−z)3/2
)−k
,
∣∣arg(−z)∣∣< π
2
,
Ai(z) →−z→∞
1√
π
(−z)−1/4
[
sin
(
2
3
(−z)3/2 + π
4
) ∞∑
k=0
(−1)kc2k
(
2
3
(−z)3/2
)−2k
− cos
(
2
3
(−z)3/2 + π
4
) ∞∑
k=0
(−1)kc2k+1
(
2
3
(−z)3/2
)−2k−1]
,
∣∣arg(−z)∣∣< 2
3
π,
(2.3)c0 = 1, ck = Γ (3k +
1
2 )
(54)kk!Γ (k + 12 )
.
The inflationary epoch cannot be described by the K = 0 wavefunction unless the prefactor is altered from 1
Ai(( 36
V
)2/3)
defined
by Eq. (2.3). A change in the sign of the square root in the exponent yields a function that increases as 1
2
√
π(−z)−1/4e 23 (−z)3/2
as
−z → ∞, and it is proportional to the asymptotic dependence of Bi(−z) [12]. The inverse of the resulting function can be used in
the prefactor since a large value of V has a greater weighting, although the wavefunction is not normalized to equal 1 in the limit
a → 0. Nevertheless, it is regular in the limit a → 0 and the coefficient may be fixed by an integral norm.
If ac  a, then Ai(−61/3a2cV 1/3) decreases less quickly from −z = −A and ac can be chosen such that Ai(−6
1/3a2V 1/3)
Ai(−61/3a2c V 1/3) will have
a maximum at negative value −′A. It is therefore not necessary to change the form of the prefactor for the K = 0 wavefunction to
be consistent with inflation.
The spatially flat cross-sections of the K = 0 Friedmann–Robertson–Walker space–time can occur in a path integral with the
no-boundary condition if the space–time is attached to another manifold with the volumes of the hypersurfaces decreasing to zero.
Furthermore, the regularity of the wavefunction in the a → 0 limit may be ensured [13]. The model considered in Sections 3 and 4 is
a K = 0 Friedmann–Robertson–Walker space–time with a minimal radius at t = 0, although the inflationary era begins at 10−34 s,
based on the time scale in the embedding manifold. A connection shall be established between the interpretation of the exponential
expansion and the no-boundary condition.
When topological fluctuations of the metric in a gravitational theory are quantized, annihilation and creation operators of man-
ifolds with specified three-geometries at the boundaries are defined. These three-metrics can be chosen, for example, to be those
of the three-manifolds with topology S3 [14]. For a locally supersymmetric theory on manifolds with compact spacelike sections
occurring in the path integral, the supercharge and the energy would vanish [15,16]. If the topology is changed to that of R3,
the integral for the supercharge is defined at the boundary and does not vanish. It is therefore sufficient to construct a physically
consistent supersymmetric quantum theory with modified boundary conditions.
The method of deriving the bound on the cosmological term based on the Euclidean path integral for quantum gravity is based on
a sign of the action that is related to apparent divergences [17]. This path integral can be separated into integrals over the conformal
factor and representatives of each conformal equivalence class [18]. With a negative sign in the kinetic term of the conformal factor,
the gravitational action can be made arbitrarily negative when the signature of the metric is Euclidean [19]. While the weighting
factor of negative-action real-Ω metrics would be decreased if the contour of the integral in the complex Ω plane is chosen to be
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factor, which is a bounded analytic continuation for positive-action real-Ω metrics, since it decreases with the magnitude. Although
the contour Ω = 1 + iy includes a zero eigenvalue in the equivalence class of the flat metric, the weighting factor of this metric
is 1 and does not affect the convergence of the path integral. If the contour has a minimum separation from other zero eigenvalues
of the conformal differential operator, the inverse of the square root of the determinant is well-defined. The rotation to the contour
Ω = 1 + iy in the complex Ω plane, however, must be reversed eventually, and formally, the integrals over the contour Ω = 1 + iy
and the real axis are equivalent because the weighting factors of the positive-action and negative-action metrics are interchanged.
There remains convergence of the path integral, however, which will also depend on the conformal equivalence classes of metrics.
It is useful to consider therefore a theory that is either finite, renormalizable or renormalizable in the generalized sense, since the
path integral would be well defined. The description of quantum effects is given then by a sum over histories between two three-
metrics such that the expectation value of the trajectories in the phase space of the metric and matter variables is approximately
equal to the classical trajectory [6]. The classical limit of physical quantum theories on cosmological backgrounds is valid.
3. The quadratic gravity theory derived from the four-dimensional heterotic string effective action
The no-boundary condition has been shown to produce inflation in solutions to the supersymmetry constraints of N = 1 su-
pergravity in the minisuperspace of Bianchi IX metrics [10]. Another model with the most probable configuration consisting of a
slow-roll potential and an exponential scale factor is derived from heterotic string theory [8].
The viability of a supersymmetric theory in the K = 0 Friedmann–Robertson–Walker minisuperspace can be verified through
the anticommutation relations of the superalgebra. This space–time can be embedded in a pseudo-Euclidean space with signature
(+++−+−) by holding fixed two vectors, E1A = (0,0,0,0,1,1) and E2A = (0,0,0,1,0,0) [20]. The anticommutator of the two
supercharges should have the form
(3.1){Qiα, Q¯jβ}= if ij σˆ μνMμν + iδαβδij .
The gamma matrices of the six-dimensional pseudo-Euclidean space are
(3.2)Γ A =
(
0 ΣA
ΣA 0
)
, Σ0 = Σ¯0 = I, Σi = −Σ¯i = γ 0γ i, Σ4 = −Σ¯4 = iγ 0γ 4, Σ5 = −Σ¯5 = γ 0.
The gamma matrix representing the last two coordinates is then 12 (γ
3γ 5 − γ 3) and the set of matrices in the five-dimensional
embedding manifold of the K = 0 space–time is {Σ˜A} = {−iγ 0γ 3, γ 1γ 3, γ 2γ 3, I, 12 (γ 3γ 5 − γ 3)}. Then Tr(γ 0[Σ¯0, Σ¯5]) = 0
unless A = 0 and B = 5, when
(3.3)Tr(γ 0[Σ˜0, Σ˜5])= −4i.
Then
(3.4)Tr{Qiα,Qj†β }= f ijM05
and the states in the Fock space are positive-definite if f ij is positive-definite. Unlike supersymmetric models in de Sitter space
[21,22], the quantization of a supersymmetric theory in K = 0 Friedmann–Robertson–Walker space–time is physically consistent.
The reduction of the ten-dimensional quadratic gravity action, which arises in the heterotic string effective field theory at O(α′),
(3.5)L10 =
∫
M10
[
κ10R + 12DAΦDAΦ + λ
(
RABCDRABCD − 4RABRAB +R2
)− 2
κ
VB(Φ,λ)
](−det(gAB))1/2 d10x
over a coset space, gives
L4(G/H) =
∫
M4
d4x
√
−detg(4)
[((
κ4 + 2λ4gabRab
)
gμνRμν − 2Λ− 12λLnon-min
+ V (G/H)1
2
(DμΦ)
(
DμΦ
)− V (G/H)1
4
gab − λ
(
Rab − 12V (G/H)g
cdRcdgab
)
FaμνF bμν
+ λ4
(
RμνρσRμνρσ − 4RμνRμν +
(
gμνRμν
))2)− 2VB(Φ)
]
,
(3.6)Λ = −1
2
(
V (G/H)gabRab
)+ λ(RabcdRabcd − 4RabRab + (gabRab)2)
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V (G/H)λ10|g=g4 = V (G/H)e
−Φ
4g24
,
L4 = V (G/H)
∫
M4
d4x
√
−g(4)
[(
1 + e
−Φ
2g24
gabRab
)
gμνRμν + gabRab + e
−Φ
4g24
(
RabcdRabcd − 4RabRab +
(
gabRab
)2)
(3.7)+ 1
2
(DμΦ)
(
DμΦ
)+ e−Φ
4g24
(
RμνρσRμνρσ − 4RμνRμν +
(
gμνRμν
)2)− 2
κ
VB(Φ)
]
where the a, b, . . . are now coordinate indices for G/H .
If G/H is G2/SU(3),
(3.8)Rab = 43R20
δab, R = 8
R20
, RabcdRabcd = 8
R40
, RabcdRabcd − 4RabRab +R2 = 5849R40
.
The one-dimensional action resulting from compactification over G2/SU(3) of the ten-dimensional effective field theory and
restriction to the K = 0 Friedmann–Robertson–Walker minisuperspace [8] is
(3.9)IB =
∫
dt
[
6aa˙2
(
1 + 8
R20
e−Φ
g24
)
+ 1
2
a3Φ˙2 + 4
R20
a3 + 146
9R40
e−Φ
g24
a3 + 2e
−Φ
g24
Φ˙a˙3 − 2a3VB(Φ)
]
after removal of the volume factors V (G2/SU(3)) and V3.
The initial form of the heterotic string potential [7] is
(3.10)VB(Φ) = e
3σ0
16
e−Φ
g24
d
dS
{
1
S
∣∣W(S)∣∣2[ 1
S
− 2W
′(S)
W(S)
]2[
− 1
S2
+ 2W
′(S)2 −W(S)W ′′(S)
W(S)2
]−1}
, S = e
−Φ
g24
,
where the superpotential [24] is
(3.11)W(S) = c + h
(
1 + 3S
b0
)
e
− 3S2b0 .
This potential will satisfy the slow-roll condition if
(3.12)c = k1e−Φ2 , h = k2e− 3Φ2
such that
(3.13)VB(Φ) = k21
e−3σ0
16
+
(
2k1k2 − 9k
2
1
b20
)
e−Φ
g24
+
(
k22 −
243
24
k21
b20
− 15k1k2
b0
)
e−2Φ
g44
+O
(
e−3Φ
g64
)
.
When
(3.14)k1 = 4
(
4
R20
)1/2
e
3σ0
2 , k2 = 18
(
4
R20
)−1/2[ 73
9R40
e−3σ0/2 + 576
b20R
2
0
e3σ0/2
]
,
(3.15)VB(Φ) = 4
R20
+ 73
9R40
e−Φ
g24
+O
(
e−2Φ
g44
)
.
In the limit of vanishing Φ derivative, the no-boundary wavefunction would be ΨNB = Ψ0NB + e−Φ
g24
ΨB1 + · · ·, where
(3.16)Ψ0NB =
Ai(−61/3a2(2VB − 8
R20
− 1469R40
e−Φ
g24
)1/3)
Ai(−61/3a2c het(2VB − 8R20 −
146
9R40
e−Φ
g24
)1/3)
and
ΨB1 ≈ C1
Ai(−z(2)het)
Ai(−z(2)het c) +
12
61/3
1
Bi(−z(2)het c)Bi(−z),∫
da a
Ai(−z(2)het)
Ai(−z(2)het c)
{(
1
36a3
− 1
R20
a3
)(
2VB − 8
R20
− 146
9R40
e−Φ
g24
)2/3 Ai(−z(2)het)
Ai(−z(2)het c)
+ 1
65/3a
(
2VB − 8
R2
− 146
9R4
e−Φ
g2
)
Ai′(−z(2)het)
Ai(−z )
}
0 0 4 (2)het c
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61/3
1
Ai(−z(2)het c)Ai(−z(2)het),∫
da a
Bi(−z(2)het)
Bi(−z(2)het c)
{(
1
36a3
− 1
R20
a3
)(
2VB − 8
R20
− 146
9R40
e−Φ
g24
)2/3 Ai(−z(2)het)
Ai(−z(2)het c)
+ 1
65/3a
(
2VB − 8
R20
− 146
9R40
e−Φ
g24
)
Ai′(−z(2)het)
Ai(−z(2)het c)
}
,
(3.17)z(2)het = 61/3a2
(
2VB − 8
R20
− 146
9R40
e−Φ
g24
)1/3
.
Based on the Euler–Lagrange equations for the four-dimensional theory
(3.18)∂LB
∂Φ
− ∇μ
(
∂LB
∂∇μΦ
)
= 0, ∂LB
∂a
− ∇μ
(
∂LB
∂∇μa
)
= 0
and a past-directed tetrad, eˆa = −ea , such that Γˆ cab = −Γ cab , where ∇eˆa eˆb = Γˆ cabeˆc,
∇0
(
∂LB
∂∇0Φ
)∣∣∣∣
past
-
directed
= − d
dt
(
−∂LB
∂Φ˙
)
= d
dt
(
∂LB
∂Φ˙
)
,
∑
i
∇ i
(
∂LB
∂∇iΦ
)∣∣∣∣
past
-
directed
= −
∑
i
gii Γˆ 0ii
(
∂LB
∂∇0Φ
)
,
∇0
(
∂LB
∂∇0a
)∣∣∣∣
past
-
directed
= − d
dt
(
−∂LB
∂a˙
)
= d
dt
(
∂LB
∂a˙
)
,
(3.19)
∑
i
∇ i
(
∂LB
∂∇ia
)∣∣∣∣
past
-
directed
= −
∑
i
gii Γˆ 0ii
(
∂LB
∂∇0a
)
.
Since
(3.20)Γ 0ii = 12g
00(−gii,0) = −12gii,0 =
1
2
g˙ii ,
(3.21)Γˆ 0ii = −
1
2
g˙ii
and
∑
i g
ii g˙ii =∑i a˙a = 3 a˙a ,∑
i
∇ i
(
∂LB
∂∇iΦ
)∣∣∣∣
past
-
directed
= 3 a˙
a
(
∂LB
∂∇0Φ
)
= −3 a˙
a
(
∂LB
∂Φ˙
)
,
(3.22)
∑
i
∇ i
(
∂LB
∂∇ia
)
= −3 a˙
a
(
∂LB
∂a˙
)
.
This yields an equation for Φ without any damping term [8]
(3.23)Φ¨ +
[
6
(
a˙2a¨
a3
− a˙
4
a4
)
+ 24
R20
aa˙2
a3
+ 146
9R40
]
e−Φ
g24
+ 2V ′B(Φ) = 0.
Similarly
30a˙2
(
1 + 4
R20
e−Φ
g24
)
+ 6e
−Φ
g24
(
Φ˙2 − Φ¨)− 12(a + Φ˙a˙ e−Φ
g24
)
a¨
(3.24)+ 24
R20
(
Φ˙a˙2 − 2aa¨)e−Φ
g24
+ 18Φ˙ a˙
3
a
e−Φ
g24
−
(
6VB − 24
R20
− 146
3R40
e−Φ
g24
)
a2 = 0.
With the approximate solution a(t) = a0eλt ,
(3.25)Φ¨ +
[
24
R20
λ2 + 146
9R40
+ 9
32
h2e−3σ0
b20
]
+ 243
32
h2e−3σ0
b30
+O
(
e−3Φ
g64
)
= 0.
Equations of this kind have solutions of the form ln | cosh(√C(t + τ0))| +D [7].
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−Φ
g24
)VB and the constant
term is shifted to 8
R20
+ c′χ¯aΓ mnpχaχ¯bΓmnpχb [8]. The leading-order equation (3.21), when Φ˙ 
 0 and a(t) = a0eλt , would be
30a˙2
(
1 + 4
R20
e−Φ
g24
)
− 12aa¨ − 48
R20
aa¨
e−Φ
g24
+ 146
3R40
e−Φ
g24
a2
(3.26)+
(
24
R20
+ 3c′χ¯aΓ mnpχaχ¯bΓ mnpχb
)
a2 − 6a2
(
1 + χ¯aχa e
−Φ
g24
)
VB(Φ) = 0
and the root corresponding to the positive sign is
(3.27)λ ≈
(
18 + 72
R20
e−Φ
g24
)−1/2[
6
(
1 + χ¯aχa e
−Φ
g24
)
VB(Φ)−
(
24
R20
+ 3c′χ¯aΓ mnpχaχ¯bΓ mnpχb
)
− 146
3R40
e−Φ
g24
]
.
The first term in series for the no-boundary wavefunction, Ψ0NB = Ai(−z(2)het)Ai(−z(2)het c) , would have a maximum at −z(2)het = −′A het
for ac het  a, where ′A het > 0. It follows that the most probable configuration is characterized by a potential satisfying
(3.28)−2
(
1 + χ¯aχa e
−Φ
g24
)
VB(Φ)+
(
8
R20
+ c′χ¯aΓ mnpχaχ¯bΓmnpχb
)
+ 146
9R40
e−Φ
g24
= − 
′
A het
61/3a2
.
Then
(3.29)6
(
1 + χ¯aχa e
−Φ
g24
)
VB(Φ)−
(
24
R20
+ 3c′χ¯aΓ mnpχaχ¯bΓmnpχb
)
+ 146
3R40
e−Φ
g24
= 3
(
′A het
61/3a2
)3
= 
′3
A het
2a6
.
Since this solution for λ is positive, the quantum cosmological wavefunction of the quadratic model with gauge fermions is consis-
tent therefore with exponential expansion during inflationary epoch.
The potential (3.13) increases swiftly before the derivative becomes negligible for larger values of Φ . The standard slow-roll
potential is produced by the substitution Φ → Φ0 − Φ˜ ,
(3.30)VB(Φ0 − Φ˜) = k
2
1e
−3σ0
16
+
(
2k1k2 − 9k
2
1
b20
)
e−(Φ0−Φ˜)
g24
+
(
k22 −
243
24
k21
b20
− 15k1k2
b0
)
e−2(Φ0−Φ˜)
g44
+O
(
e−3(Φ0−Φ˜)
g64
)
.
From the solution to the Wheeler–DeWitt equation, the wavefunction is peaked when
(3.31)VB(Φ0 − Φ˜) → 4
R20
+ 
′3
A het
2a6
+ 73
9R40
e−(Φ0−Φ˜)
g24
+O
(
e−2(Φ0−Φ˜)
g44
)
implying that if
(3.32)k1 = 8
R0
e3σ0/2, k2 = 73144R30
e−3σ0/2 + 36
b20R0
e3σ0/2
the potential has the required form for sufficiently large values of a.
4. The discontinuity in the energy in the spatially flat FRW background of the quadratic gravity theory
Given a cosmological bounce solution to the equations of motion of the bosonic sector of the one-loop heterotic string effective
action, when K = 0, the scale factor is
(4.1)a(t) = a0e|λ|t =
{
a0eλt , t  0,
a0e−λt , t  0
such that there would be a discontinuity in the time derivative
(4.2)δa˙ = a˙(t)|t=0+ − a˙(t)|t=0− = 2λa0.
Consider the linear dilaton solution
(4.3)Φ(t) ∼ ln∣∣cosh(√C(t + τ0))∣∣+D
with the initial values
(4.4)Φ(t = 0) = ln(cosh(√Cτ0))+D, Φ˙(t = 0) = √C tanh(√Cτ0).
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(4.5)H= −6aa˙2 + 6e
−Φ
g24
Φ˙a˙3 + 1
2
a3Φ˙2,
(4.6)δH= −6aδ(a˙2)∣∣
t=0 + 6
e−Φ
g24
Φ˙δ
(
a˙3
)∣∣
t=0 + 6δΦ˙a˙3
∣∣
t=0 +
1
2
a3δ
(
Φ˙2
)∣∣
t=0 = 12
e−Φ
g24
Φ˙
∣∣
t=0λ
3a30
which equals 12
√
C e
−(ln(cosh√Ct0)+D)
g24
tanh(
√
Ct0). From the equation for the scale factor, a comparison of terms with the same units
at O(e2λt ) yields
(4.7)6e
−D
g24
sech
(√
Ct0
)
Cλ2a20e
2λt =O
(
18
g24
tanh
(√
Ct0
)
sech
(√
Ct0
)
λ3a20
√
Ce2λt
)
.
The parameters λ and a0 shall be determined from the inflationary expansion and the variation in the scalar field. The expectation
values of the paths a(t) and Φ(t) in minisuperspace can be computed from a path integral representation of the partition function
of the quadratic gravity theory
(4.8)Z =
∫
e−I [a(t),Φ(t)] d
[
a(t)
]
d
[
Φ(t)
]
.
As
(4.9)〈a(t)〉

∫
a(t)e
[−I [acl(t),Φcl(t)]− δ2I
δa2
(δa(t))2+2 δ2I
δaδΦ
δa(t)δΦ(t)+ δ2I
δΦ2
(δΦ(t))2]
d[a(t)]d[Φ(t)]∫
e
[−I [acl(t),Φcl(t)]− δ2I
δa2
(δa(t))2+2 δ2I
δaδΦ
δa(t)δΦ(t)+ δ2I
δΦ2
(δΦ(t))2]
d[a(t)]d[Φ(t)]
,
(4.10)〈Φ(t)〉

∫
Φ(t)e
[−I [acl(t),Φcl(t)]− δ2I
δa2
(δa(t))2+2 δ2I
δaδΦ
δa(t)δΦ(t)+ δ2I
δΦ2
(δΦ(t))2]
d[a(t)]d[Φ(t)]∫
e
[−I [acl(t),Φcl(t)]− δ2I
δa2
(δa(t))2+2 δ2I
δaδΦ
δa(t)δΦ(t)+ δ2I
δΦ2
(δΦ(t))2]
d[a(t)]d[Φ(t)]
where
δ2I
δa2
=
∫
dt
[
∂2L
∂a2
− 3
2
d
dt
(
∂2L
∂a∂a˙
)
+ 1
2
d2
dt2
(
∂2L
∂a˙2
)]
,
(4.11)δ
2I
δΦ2
=
∫
dt
[
∂2L
∂Φ2
− 3
2
d
dt
(
∂2L
∂Φ∂Φ˙
)
+ 1
2
d2
dt2
(
∂2L
∂Φ˙2
)]
and δ2I
δaδΦ
|acl,Φcl = 0. For the action (3.9) and an asymptotically constant scalar field, Φ˙ → 0 as t → ∞, and
∂2L
∂a2
− 3
2
d
dt
(
∂2L
∂a∂a˙
)
+ 1
2
d2
dt2
(
∂2L
∂a˙2
)
= (12λ2)a0eλt +O
(
eλt
e−Φ
g24
)
> 0
∂2L
∂Φ2
− 3
2
d
dt
(
∂2L
∂Φ∂Φ˙
)
+ 1
2
d2
dt2
(
∂2L
∂Φ˙2
)
(4.12)= 27
4
a30λ
2e3λt +O
(
e3λt
e−Φ
g24
)
> 0.
Since the probability distributions of the paths {a(t),Φ(t)} are Gaussian to second order in the fluctuations δa and δΦ , the
expectation values 〈a(t)〉 and 〈Φ(t)〉 coincide with acl(t) and Φcl(t).
The second-order terms in the expectation values also contribute to the fluctuation in the scalar field density spectrum. At fixed
scale factor, the fluctuation in Φ is determined by the distribution e− 274 a30λ2e3λt δΦ2 [6,8]. Therefore, the standard deviation of this
distribution is
(4.13)σ = 2√
27
a
−3/2
0 λ
−1e−
3
2 λt
which may be compared with the density fluctuation δρ
ρ
≈ 10−5 [9].
The other parameters then can be determined by the e-folding during the inflationary epoch and the density fluctuation. To
determine the number of e-folds for which the potential is greater than a certain percentage of the initial value, consider the
following inequality
(4.14)1 − e
−k(Φ0−Φ˜)
1 − e−kΦ0 > 1 − δ.
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(4.15)Φ∗ = 1
k
ln
(
(1 − δ)+ δekΦ0)≈ 1
k
ln
(
ekΦ0
)+ ln δ
k
(
1 − ln
1
δ
kΦ0
)
Φ0.
If the entire process requires Ntot e-folds, for example, then the number of e-folds, with the potential greater than 90% of the
maximum value, is
(4.16)N90% =
(
1 − ln 10
Ntot
)
Ntot = Ntot − 2.302585093.
Measurements of the CMB radiation anisotropy imply that Ω = 1. Since the critical density is 6 × 10−27 kg/m3, and the
comoving radius of the observable Universe equals 4.6 × 1010 lyr, total energy would be
(4.17)Ecurrent =
(
6 × 10−27 kg) · 4π
3
(
4.3353942 × 1026 m)3(5.60960117 × 1035 eV/kg)= 1.148814903 × 1090 eV.
Since energy is conserved, this value should be the amount of energy at the beginning of the Universe. It has been demonstrated
that the Planck scale energy density is
(4.18)〈ρ〉 =
MPl√
8π∫
0
4πk2 dk
(2π)3
1
2
√
k2 +m2 
 2−10π−4G−2 = 2.624659076 × 10107 (eV)4.
The energy can be measured at the end of the slow roll when the potential is almost equal to its maximum value. Then the radius
has been expanded to 1P · eN and
(4.19)Einit =
(
2.624659076 × 10107 (eV)4) · 4π
3
(
8.1028408 × 10−29 (eV)−1)3e3N = (5.84888965 × 1023 eV)e3N
which, if equated to the energy in Eq. (4.18), implies that
(4.20)N = 50.88189343.
Given that N is the number of e-folds at the 90% cut-off,
(4.21)Ntot = 53.18447852.
With Ntot given by Eq. (4.21), the parameter λ is given by
(4.22)eλ·10−32 s = e53.188447852
implying that
(4.23)λ = 3.500924879 × 1018 eV.
The density fluctuation has been observed to be δρ
ρ
∼ 10−5 [9,25], and the critical density ρC = 3λ28πG would occur in a K = 0
Friedmann–Robertson–Walker Universe. Since the variation in the scalar field is given by the product of the variation in the density
and the four-volume within the first 10−34 s, a comparison of
δ ρ · V4 = a30e3λt
∣∣
t=10−34 s10
−5ρC10−34 s · 13P
and
δΦ =
[
4
27
a−30 e
−3λt ∣∣
t=10−34 sλ
−2 1
8πG
]1/2
,
yields
(4.24)a9/20 = −3P
(
10−34 s
)−1
e−
9
2 λt
∣∣
t=10−34 s · 105
8πG
3λ2
[
4
27
λ−2 1
8πG
]1/2
which implies that
(4.25)a0 = 3.993026536 × 105
and
(4.26)
√
C =O(3λ tanh(√Ct0))=O(1.050277464 × 1019 eV).
308 S. Davis / Physics Letters B 649 (2007) 299–309The mechanism, used in this work, will involve a change in both the volume and the energy of the Universe during the inflationary
epoch. Since the length scale increases from 1P at 10−34 s to (1.252349493 × 1023)P at 10−32 s [26], the average velocity of
the expansion of the Universe in this interval is 2.003759189×10−12 m0.99×10−32 s = 2.023999181 × 1020 m/s. As it exceeds the speed of light,
the Universe would have expanded to the volume of 4π3 (2.003759189 × 10−12 m)3 before the energy influx could be altered by a
source travelling at 3 × 108 m/s. It is therefore possible to use the average volume from 10−34 to 10−32 s to determine the change
in the energy.
It has been found that a rapidly decreasing cosmological term is obtained when there are interactions between domains with
different Λ [26]. During the inflationary epoch, Λ would have been significantly larger than its present value. By considering the
collisions of space–time regions with different values of Λ and the expansion of Λ = 0 regions under Weyl transformations [27], it
can be verified that the average value of the cosmological term decreases to currently observed values [28]. Additional discontinu-
ities might have occurred in the scale factor, although the effect would not be observable in the entire volume until the gravitational
waves passed through it.
With regard to collisions of space–time domains, it may appear that the energy could be transferred by gravitational waves
through the volume only at the speed of light. However, this leaves the surface energy which could be imparted instantaneously.
Furthermore, with the merging of two space–time domains, the timelike coordinate might be modified, with 10−32 s in the entire
manifold being identified with k · 10−34 s in the space–time domain, where k =O(1).
The average volume would be
∫ 10−32 s
10−34 s a
3
0e
3λt 3P dt
10−32 − 10−34 s =
(3.993026536 × 105)3(8.102840864 × 10−29 (eV)−1)3(1.252349493 × 1023)3
3(3.500924879 × 1018 eV)(1.504075785 × 10−17 (eV)−1)
(4.27)= 0.4211350467 (eV)−3
and the change in the energy is then
δE = 12√C e
−D
g24
tanh
(√
Ct0
)
λ3a30
〈
a30e
3λt 3P
〉
= 12O(1.050277464 × 1019 eV)(3.500924879 × 1018 eV)3(3.993026536 × 105)3(0.4211350467 (eV)−3) · e−D
g24
(4.28)=O
(
1.185002332 × 1091 eV · e
−D
g24
)
.
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